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ABSTRACT 

Subramnnlan, Mahadcvan, Ph.   D. , Purdue Unlvcrelty, January,  19&. 

D.   C.   Polarisation In a Nonlinear Dielectric Medium at Optical Fre- 

quencies.    Major Profeasor:    Aditya K.  Kanal. 

Inveatlgation of nonlinear properties of materials at optical fre- 

quencies has been made pooclblc vlth the developnent of high power 

lasers.     One of the nonllnearltles encountered Is the second order 

polarlratlon In dielectric media that lacX Inversion aymnctry.    The 

second order nonlinear polarization gives rise to generation of second 

hareonlc and d.c.   conponcnts.     The scope of this thesis concerns vlth 

the latter phenonenon. 

The quartz crystal is chosen as the dielectric medlia.    A quanti- 

tative relationship between the d.   c.  polarization and the Intensity of 

the propagating laser bean Is developed by following a phonooenologlcal 

approach.    A convenient method of detecting the d.  c.   polarization Is 

presented.     With this technique the elements of second order polariza- 

tion coefficient tensor can be determined experimentally.    The second 

order polarization term Is responsible for transferring energy fraa 

the  fundamental to the second harmonic.    It is shown that It cannot, 

however, transfer any energy to the d.  c.   component.     Thus, optical 

power rectification la not possible. 

By considering a aultablc detecting nyctcm with a convenient con- 

figuration of the quartz crystal,  it Is shown that the output voltage 
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of the detector 1» linearly proportional to ;he Intenolty of the laeer 

pulse.    Thue the pooslblllty of using thle principle to build a 

tramaleslon type of meter for Beaeurlng power In high power laeer 

pulses Is presented. 

Qcme of the theoretical results have been proved by cxpcrlnents. 

One of the two clenents In the second order nonlinear polarltatlon 

coefficient tensor has been shown expcrlnentally to be In the order of 

lO-0 e.  s. u.    Also the linear relationship between the detector out- 

put and the laaer Intensity Is verified, conflmlng the feasibility of 

applying thla principle for laser power »easureBent. 



DITRODUCTIOil 

The advent of laecr has Initiated great Intereat In the inreatlga- 

tlon of the nonlinear properties of «aterlalB at optical frequencies. 

The laser    Is claimed to have »any potential applications s<se of vhlch 

use the nonlinear properties of naterlals.    These nonllnearltlee though 

■ay be Insignificant at the ordinary power levels that were hitherto 

encountered, are brought to peroeWabl* significance by high power Uaer 

bens.    In an unfocused be« of a pulsed ruby laser one can now obtain 

power in the order of negawatts and higher.    This can be Increased fur- 

ther by orders of «agnltude with the help of external Q-swltchlng ar- 

rangtsicnts. 

One of the nonlinear properties of a naterial that cane Into early 

observation is its dielectric property.    The nonlinear susceptibilities 

have already been used for mixing and hamonlc generation (1, 2,)].    Ihe 

observation by Pranken, et. al U] of the second harmonic by passing 

ruby laser be« through crystal« that lack inversion sysetry notlvated 

Interest In the investigation of the d. c.   polarisation that should 

acconpany the second hamooic generation.    After the prelinlnary analysis 

and experiment with quartt crystal gave positive indication of the exist« 

ence of d,c.  polarization the project was continued with the following 

objectives. 

l)   To establish fimly the existence of the d. c.  polaritation. 

Baas, et.  al [k] have  since reported observing the d. c. 

polarization. 
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ii)   To CBtlaate the cecond order nonlinear polarization coef- 

ficient teneor for quart: cryetaL 

111)   To Inreetlgate the feasibility of applying thia phcn<».non 

for Inoer power aeaaurvaent. 

T1>e concept of d. c.   polnritation la developed in the early P»rt 

of Chapter L    TU» reit of the chapter la devoted to a brief review of 

the earlier work done in the field. 

Sinoe the conventional approach of propagation of electnaagnetic 

wave in a aediia doei no longer apply for the degenerate cae« of d. c, 

a ■laple aethod of analysin« the d. c   part la presented for the specific 

case of quarts crystal nedlm in Section 2. L    T^e angular dependence of 

the d.c.  polaritatlon on the polarization direction of the radiation 

field la presented in Section 2.2.    This is an important, result la the 

experimental conflraatloo of the phenomenon of d. c.  polarization.    Many 

crystals that develop d. c.   polaritatlon have non-zero pryroclectric 

coefficient.     In the experiAcntal obaervaticn one has to distinguish 

earef\illy between those two coponenta.    Whereas the pyroclectrle 

voltage is developed In a unique direction,  the   Lc.   polarization,  as 

shown in Section 2.2, has a coe 20 variation when the crystal is rotated 

about ito axis.     Section 2.} proves that no encrcy conversion io possible 

using this principle, rven though the d. c.  polarization rcarmblcs rec- 

tification In the electrical circuits. 

Chapter 5 scrveo the purpoce of cxplalninc the Interaction between 

the <1. r    field set up by the propacotln^ laser bean and the detecting 

circuitry.    A slmpliricd model of a parallel plate capacitor is chonen 

and the equivalent circuit of the model is derived.    The fact that the 



Bystem cannot deliver any d. c  power lo confirmed fraa tho circuitry 

point of view.    However, the pooolblllty of low frequency Intensity 

modulation detection ic explained. 

The ruby laser output Ix'am ic normally circular In croae-eection. 

Por high power operation It lo pulted, and one often need» to know the 

exact intensity of the laser pulse which is bein« used for aonc exter- 

nal application.    Thus a trannnlsslon-type of power »cter would prove 

more beneficial than cither the calorlmetric techniques which ncacure 

only energy or the phr»todet«-cting devices which need periodic calibra- 

tion.    The application of the nonlinear <Lc.  polarlratlon to power and 

energy measurement is described in detail in Chapter U,    T^e theory la 

presented und a practical model is suggested.     It Is shown that the 

output <5f such a device will indicate directly tho power content In 

the laser beam. 

H»e construction of the quartz detector mount and the experimental 

arrangements and results are given in Chnpter 5«     Snaary and conclu- 

sions are presented In Chapter 6. 
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Chapter 1 

RLVILV OP EARLIKH UOHX 

Although conilderable progrcti ha» been aade  In the field of. non- 

linear optlca both in theory and experiment on generation of hamonica, 

elaetro-optlc effect in solid« and liquids, etc.,  not «uch has been re- 

ported on the d. c.   polarliation.    Pranken and Ward  (S) have presented a 

good siaaary on nonlinear optics in their revlev article.     In this 

chapter the concept of d. c.   polaritation is developed by assiaing a 

simple mathematical aodeL     It is followed by a review of the theoreti- 

cal worlr that has been done on the phenomenon of d. c.   polarliation. 

LL    D.   C  Polaritatioo in a Honllnear Dielectric 

Medixa 

The phenomenon of d. c.   polaritation can be easily explmined by 

assuiing a scalar matheaatical aodel for the polmritation.     Consider an 

electromagnetic wave propagating through a nonlinear aedium.     In the 

scalar form,  the polaritation p may be written as a power series in 

terms of the electric field E that gives rise to it. 

J? ♦ att5 ♦ ... (1.1) P " "l* ♦ «2 

where a., a.» a,,  •>•  are called the first, second,  third,  ...  order 

polaritation coefficients.     In writing Eq.   (1.1),  the gradients of the 

I field have been neglected for simplicity.    Writing the radiation 

field intensity E - E    cos ut in Eq.   (1.1), one has 



p . *,£    eo» wt ♦ -^ EÄ
2(1 • cot 2 wt) 

f 3B '(} Mt Mi ♦ 00t 3Ml) ♦ ••• (1-2) 

Tbe flr«t tern In the right hand aide of Eq.   (1-2) repreeente the 

Unear polarlration and has the eiae frequency a« the Inducing field. 

The second tern on the right hand elde generetea • d. c.   conponent and a 

aecond hnraonlc coaponent.     It la obaenred that the term which la rea- 

ponalblc for the aecond haraonlc generation alao caueea the d.c.   polarl- 

tatloo.    Contrlbutlona to d.c.   polarlration frc« tema higher than the 

aeccod order la neglected In the preaent dlacuaaion.     In experlaentallor 

determining the value of the aecond order nonlinear coefficient, the 

d.c.   coaponent will be the only P»rt that will be of Intereat.    Thla la 

due to the feet that whereaa the d-c.   polarlratlon depends only oo the 

■agnltude of the second order nonlinear coefficient end the power con- 

tent of the bean, the second haraonlc generation la alao greatly In- 

fluenced by the phaae Batching conditions. 

The generallred expreaaloo of Eq.   (Ll) la of tenaor for« and 

alao Includes the contrlbutlona to the polarlratlon due to gradient of 

the electric field Intensity.     In the absence of any external biasing 

electric or ougnetlc fields the total polarlratlon In a nonlinear di- 

electric medlua due to a propagating electroawgnetlc wave say be ex- 

preaaed aa a power aerlea In terns of the renponents of the electric 

field and Ita gradient. 



where p 1B the 1th epetlal conponent of the polarization p, X'i re- 

present the various orders of polarlMtlon coefficient tensors, v'e 

denote the gradient operation, E's are the cpatlal coapooents of the 

electric field Intensity and €0 the free space pemittlvlty. Franken 

and Ward (5) have discussed the physical significance of the rarlous 

terms In Eq. (1.5). It Is enough to mention here that the only Um 

In the right hand side that can cauee d.c. polarlxatlon In a medl« Is 

the second order term.  The magnitude of d. c. polarization due to terms 

of higher order than those in Eq. (L5) can be neglected as caapared 

with that of the second order term since the contribution to polarltatloo 

decreases «s the ratio of the electric field intensity E of the electro- 

magnetic wave to the etcnlc electric field Intensity E^^^ 

(E/E    ) for each additional E factor added (5). The symetry coo- 1 ' atonic 

slderatlons in a crystal that lead to the presence of the second order 

tern will now be discussed. 

1.2. Second Order Polaritätion 

It has been shown in the preyious section that the only significant 

term in Eq. (L5) that contributes to the derelojment of d.c. polarliation 

is the quadratic term.  Hence only this term will be considered hereafter. 

Rewriting Eq. (L)) with only the second-order term present, one has 



In Eq.   (LU) the ord*r of EX   la not phyolcally Blgjilflcont.    ThJo 

facllitatee the reduction of the ?1 elmrnta of the third rank teneor 

of Eq.   (1.1») to 18 elenenta due to the ayanetry property 

One can now uae the pletoelectrlc tenaor repreeentatlon  [6] and rewrite 

Eq.   (I.-*) aa 

Pl " X1J 8J (1 - 1, 2, 3;    J • 1, 2,  ..., 6) (L6) 

where X,    la the contracted for« of X   and S'i are «a defined below 
1J ij*    j 

Sl-Ex2' S
2"
E/' S5-Ex2;S»»-Vr;S-V«' 

86 " W 

It can be ahown (51 that X      - 0 for cryeUla that poaacsa an Imrrralon 

•yawtry.    Thla leaves only 21 claaaea of cryatala to be considered. 

Sine« X     poaaeasea the aaaw syiaetry properties that the pletoelectrlc 

■odulua does,  the noo-vanlablne tema In X     are the aaae as that  In 

the pletoelectrlc «odulua. 

Araatron«, et.  al.  have shown  [7] theoretically that the eecond 

order polarization tensor la the aene aa the electro-optle tenaor.     Ac- 

cording to their approach,  the local field E.      acting on an atom can be 

written explicitly In teraa of the external electric field E and the 

fields due to the linear polarltatlon r   and the nonlinear polarltatloo 

r   .    Thus 



where c    Is the free space permittivity.    The dlsplacvrnvnt vector D 
o 

occurring In Maxvrll's equations describing a aacroscoplcally Isotropie 

■edlisi Is then given by 

If the linear polarization Is described as 

where X 1B the linear polarltatlon coefficient, then It follows Tram 

Eq..   (1.7) «nd (L9), 

^--^VS. t-e-f1 (1.10) 
1-5 5(1 - ~) 

FTOB Maxwell's equation for linear aedlia 

^ - co(<r - 1) f (LU) 

where €r Is the linear relative dielectric constant.  Equating the coef- 

ficients of 2 la (1.10) and (l. ll), Eq. (1.10) may be rewrlttm an 

^-co(cr- l)f + ^^ ^ (1.12) 

>V«n Lqt. (1.6) and (1.12), It can be ohown that 



t .tl/j-llf1 (L15) 

vher« c • € « .    If «« define o r 

I. • f ♦l^Ii u.») 

where l^11,5 U the effectlye noollnear •ourc« of poUrliatlon, th«n tnm 

tq;   (LlM  and  (LIU) 

^.ILI!?» (L15) 

ftui the effective nonlinear pol«rli«tlon eource tern la («r ♦ 2)/) tlae» 

the true noollnear pol«-l»atlon.    The latter le calculated trtm the 

follotrlo« relationship  [7] 

•o » '  »loo «to. f1-16' 

vhere ß Is a third rack teoaor. 

The above procedure described for an laotroplc aedlui alao holds 

food for the caae of an anlsotroplc aedlm.     Antlrong, et.  aL   (71 have 

proved the following relatlooahlp for the latter cat«. 

l^imj - .oi(«5 - ^ ♦ ^) : l^^) i2(w2) (LIT) 

vhere V^  la the effective nonlinear polarliatlon developed at the tun 

frequency of u, ■ u, -^ u due to the Interaction of two propagating wavea 

with electric field IntenBltles 2. at frequency w. and E. at frequency VL. 
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? is again a third rank teiwor.    It la further ihown (7) that the 

tcMor X       In Eq.  (1.1?) follo«»a the aysetry raUtlonahlp 

Thera are the followlng two Interesting caeea of Eqa.   (1-17) and (Llfl) 

corretpondlng to 

1) Mj - u2 - « 

u    • 0 

2) kL   - u,  - w 

"k • 0 

PJLS(0) ' X3iki0) W Ek(w) (1*19) 

^(w) - XJU(w) E^w) ^(0) (L20) 

Bq.   (1.19) deacrlbea the d.c.  polarltatlon effect and Eq.   (1-20) de«- 

erlbea the linear electro-optic effect.    The llnoar electro-optic 

aff>ct la the chenge in the dielectric tenaor of the aedlxa due to an 

applied d.c.  electric field,    rrca symetry cons 1 de rations expressed 

by Eq.   (LIB) and froa Eqs. 0.19) and (1.20) It foUovs that the second 

order polarltetlon tensor Is the sane as the linear electro-optic 

tensor. 
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Chapter 2 

a   C.   POLARIZATIOIf H (JJARTZ OOfSTAL 

2.L    Prop^wtlon of KLectnaagnetlc Wave Through 

Quarts Mcdlm 

The propagaticMj of an electrcina«nttlc war« through a nonlinear 

■edlia hao already been conaldered In detail by rarloua authora  (7, 8J 

fro« both the quarM« ■echanlcal velwpolnt and the pbenonenaloglcal 

approach.     While conalderlng the Intentetloo between varloua wäret 

propagating In the aedlin, one ha« to t«ke Into cooalderatlon auch 

effect» aa the dl«peralon In the «cdii« and the pbaae velocity of each 

watra ceaiponent, and co forth.     However In the caae of d.c.  the phase 

velocity la Infinite and there  ic no propagation of the wave at tero 

frequency.    The approach to the probloa beccncB different.    The follow- 

ing analyala lo ande for the propngatloo of an electrcnagnctlc wave 

through a nonlinear quartz nedlum by clanolcal methods.    It Is aneised 

that the nedlia la non-dlt«lpatlve and Infinite In extent. 

Quartz crystal belongs to class iß;  that Is,  It has a 3 fold 

synsetry along the z-axls or optic axis and 2 fold syenetry along x- 

axls.    Due to these aynnetry consider at lone,  the second order nonlinear 

coefficient tensor X      for quartz con be written In the form slallar to 

Its piezoelectric tensor  (91 which la shown below 

U 
0 

0 

0 

0 

0 

0 

0 

(2.1) 



where a and ß are conetanta. It U evident that there are onljr two 

Independent elment« In the entire «atrlx. Oubetltutln« Bq. (2.1) In 

Eq. {1.6),  one hae 

E 

E E, 

(2.2) 

Expanalon of Eq. (?.2) glTei 

2      „2, p    - a(E ^ - E ') ♦ ß E    E 

p    • -:L   E    - aa Ew E^ yy x   t x   y 

p   ■ 0 

B   E 
x  y 

(2.5) 

If we ccnslder a wave to be prope^ating along the optic axis of 

the cryetal, then E^ - 0 and Eq«,   (2.5) reduce to 

p    -o(B 2 - E 2) •x       x x        y ' 

p    - - 2a E   E 
*$ x    y 

(2.U) 

Pt-0 

It should be noted that no mention haa ao far been aade about the 
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characterlttlc» of the prop^atln« v.ve.    Thu« Eq..   (2.U) are ralld for 

„y type of polarltatlon of the propagetlng w«ve, elllptlcel, circular 

or linear.    To take thia into account one can expreaa the coaponenta of 

the electric fleU explicitly by specifying their amplitudes and phase 

angles.    FOr a plane wave that is arbitrarilor polarized the tranaverae 

«spooents of the electric field intensity can be written aa 

E   - a   coa(ut ♦ b) 
X      X * (2.5) 

ly - «y coe(uit ♦ 5y) 

where *   and a,   are the a^lltudes «nd 5x and By are the phase angles 

along the x- and y-axes respectlrelor.    Fr« Eqs.   (2.U) and (2.5) the 

coapcoents of d. c.  polaritatlcm can be written as follows 

Hence the magnitude of d. c.  polarization Is given by 

(2.6) 

|p|2-Px
2*Py? 

^[(ax^a;).2ax
2ay

2cos2(6x.5y)]    (2. 7) 

For an elllptically polarlted wave ax# a, and (6x - B ) are arbitrary 

«nd therefore the <L c. polaritation is given by Eq. (2.7). 

For circularly polarlted ware 

s 
and 

. a - a (2.8) 
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öx-6y"V      («"^ ^ *5, ...)       (2-9) 

Subrtltutlag Eq».   (2.8) and (2.9) In Eq.  (2.7), one obUlat 

|p|   -0 (2.10) 

Thu» there exlats no d. c.  polArlzmtlon If the propegatln« wave la cir- 

cularly polarized. 

For a linearly polarized wave ax and a    are arbitrary and 

6    - 6    •■ « (■ - 0,  t 1, ^ 2,  ...) (2.U) 
x       y 

Subetltutln« Eq.   (2.11) In Eq.   (2.7) and taking the equare root of both 

■Idea, It follows that 

IPI -|(*X
?*V?) ^-^ 

The direction of the A.  c.  polarization caueed by the linearly 

polarized wave can be determined by conoiderlng Fig.   (r. l), where x x 

and y y    are arbitrary choice of coordiruite axes and xx and yy the crystal 

axes.    Without loss of generality it can be assvaed that the direction of 

polarization of the laser bean la along x x    direction making an angle 

0 with the x-axla of the crystal.     Kram Eqa.   (2.6) and (2.11)  It follows 

that the dLc.   polarization along the cryotal axea are 

„ p 2 

o 
Px ' T"" CO" 20 

r 2 (2.15) a E 
p    - -~- aln 20 ry 2 
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Pig. 2. L  Axe« Orientation for Deriving the Angular tependenc« 
of d. c. Polarliatlon for Propagation Along t-axia 

I 

Fig. 2.2.  Configuration to Determine the Relationship Between 
d.c. Polarization and ß 



l£ 

where E   co« urt, 1B the electric field intensity of the Incident rn- 
o 

dlatlon.    FVom Eqi.  (r.lj) «nd Wg.   (2.1), it can be seen that If the 

incident polarisation makes an angle 0 with the x-axia, the d. c.  pola- 

rization vector aakes an angle - ?0 with It.     Also froa Eqa.   (2.13), 

the Bagnltiide of the d. c.   polarization in tema of the electric field 

Intensity of the radiation Is glvrn by 

2 

IPI 
a E, 

(2.Ui) 

Eqs.   (r. L' ) through (P. I-) K.lv«- the relationship between d.c. 

polarization and only one of the eleocnts of the second-order nonlinear 

polarization cocfTlcicnt tencor.    To obtain a slAllar rvlationshlp 

betwen the <L c.   polArtration ana tJ»e other clenent p,  consider the 

configuration ohiwn In Fig.   (:*.?) vtiore x, y,   z are the crystal axes. 

The electric field intrnolty vector 2 « ?   cos ut nakre an angle y with 

the x-axia nnl nn anclr 0 with the y-axls.    T^en the coaprnonts of E 

along the three axer are 

E    • E cos y x        o ' 

E    ■ E sin y cos 0 y        o ' 

E^  • E sin 7 sin 0 

(«.15) 

Here,   the frequency dcpi-nilcnct  h«s not been explicitly wrltt« n,  but 

is inplleil.    From Kqs.   (?.*,) nnd {:'. 1'j) one obtainc 

CAP 

cos2 7 - sin2 7 coo2 0   ♦ —~ sin2 7 sin 20 

(2.16) 
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If the K-vcctor le made to lie in y-z plane, r • 90° ond Eq.   (S.liJ) 

reduces to 

,   .^.In^-aE/co.^ (2.17) 
x 2 0 

Eq.   (2.17) thuo ylcUs «i expreuoloo for the d. c.  polarltatlon which 

1. dependent on both the par-ieter.. a and p.     Eq..   (2.15) *** !■.») 

.u«e.t a «ethod of the ■■!   I      III of the coefficient, a and ß by 

meaaurlnß the d. c.  polarization. 

2.2.     Anfiular Prpcndence of D.   r.   Polarization for 

x-axla Propagation 

It ic evident fro. tq«.   (2.13) and (2.1to) that the direction of 

d.c.  polarization depend, on the orientation of the E-vector with 

raapect to the cry.tal axei.    The angular dependence of d.c.  polarlza- 

tlon for the caw of the propaeatlon alone z-axl. can be deteralned 

fro« Eq.   (2.15) md PIß.   (M).    One ob^nre. fron Eq.   (2.15) that with 

the incident polarisation fixed In .pace, a. the cryatal 1. rotated 

about It. z-axl. through an angle 0, the d. c.  polarization vector I. 

rotated through an angle 2« In the oppo.lte direction.    TOuo If the 

cry.tal I. rotated at the rate of 0,  the d. c.   polarization will rotate 

at the rate of 20.    Thl. I. represented In Fig.   (2.5). 

Aa mentioned In the Introduction,  thl. angular dependence will be 

one of the Important test. In the expcrlwntal verification.    It will 

serve to di.tlngul.h between the pyroelectrlc voltage which 1. developed 

in a unique direction and the d.c.   polarization voltage. 

2.5.     Bicrgy Connlderatlona 

Thl. oectlon deal, with the energy and power relatlonohlpa for an 
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flg.  2.}.    Rotational Drprndcnct  of p   on 0 for z-axU 
IVopegatlon 
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•lectronaenctlc wave propogatln« through a nonlluaar medium.    The pro- 

cedure followed boglnt with MaxweU'a oquatlona for vacux« aid  then 

incorporatea the Interaction of the wave with the mcdlia by Including 

the dlotrlbutlon of charges and currenta.    Maxwell'a elÄctrodynamlc 

equation for a mrdlua at rest la given by  (10) 

V « * " Mo(J*tnie »$♦▼««♦%!? 
^ . __ a    .   &% (2.19) 

In Eq.  (S.19), m^nctlc Induction vector ? enn be replaced by the mag- 

nttlc intenalty vector fl, I - M0 fl, and M may be «et e«jiial to aero, ilnce 

oaly non-imgnetlc media are of Intereat In the preaent work.     It la 

further aaawed that the dielectric medl« lo loiileee which reduce» 

Eqo.   (2.18) and (?. 19) to 

V x 2 - - u   J (2.20) 
o It 

Vxn-^[co2 ♦?] (2.21) 

It le worth a^ntlonln« here that nonllnenrlty !■ Implicit in Eq.   (?.2l) 

alnce f la conprlaed of linear aa veil aa nonlinear polarization terma 

aa exprcaaed by Eq.   (L 5).    Taking the »calnr product of Eq.   (2.20) with 

3 and Eq.   (2.21) with I and aubtractlng the latter Trxn the former, one 

obtalna 

where • ■ B S I il the Poyntln« vector.    Eq.   (2.22) la the well known 
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energy balance equation of the «yotca.    To put It In a «ore familiar 

font, ve define the energy denalty per unit volvne in the aedlia a« U. 

Ttoen 

M     ■}     £ (2.23) 
St " fc * 5t K    " 

Eq.   (2.22) can now be written as 

3     df ?     ^      ■*]     o (2 2U) 
^••^oH-5t + cof,5t*5t"0 ^ j 

Eq.   (2.2»») «howa that the power flow out of the aedlia Is equal to the 

rate at which the atored energy In the electroaagnetlc field la de- 

creaaln« ((- MO 9 •  dÄ/dt) - (<0 2 • ä2/dt)J plua the rate at which tha 

■aterlal la doing work on the electroaagnetlc field  I- 3u/^t}. 

Reatrlcting our attention to the d. c.   part produced by the aecood- 

ordcr nonlinear ter«,  it la obrloua frcn Kq.   (?.25) that there la no 

net tranafer of energy frcn the wave under atcady atate condition«. 

Thla doea not aean, however,  that there la no energy tranafer when the 

field la turned on.     In fact, the wove doea work on the ayotc» to ea- 

tablleh the d-c.   field.     It will be ahown In Section >.2 that part of 

U»la wort will be extracted fron the ayatea If there la an external 

■ochanlna preaent In the region of the field. 
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Chapter 5 

DETKCTII« TKOmmUi: AND CIRCUIT COttlDOUTIOWC 

Tbi» chapter lo devoted to deacrlptlon of the detection technique 

and the circuit conn 1derations that play a part In It.     In order to 

facilitate an underntiinding of the basic interaction phenoacna between 

the field eet up by the eli-ctromngnctic wave and the external detecting 

circuitry, a 8i»ple oodel la chosen and an analyrls of It  is made.     An 

equivalent circuit is dvrlved for ucr In the later chapters.    It Is 

shown that no d. c.   power can be extracted fro« the systen (i.e., there 

exists no optical powi-r rectification).     However,  the system has the 

capability of detecting l<w frequency siodulatlon. 

J. 1.     Internrtloo brtvem Elt ctrcwacnetlc Wave and 

IV-tectii^ Clroiitry 

The nonlinear polarisation can be detected with the use of an ex- 

ternal circuit nrrniv»nrnl of tbe type deccribed below.     The oediua in 

which the nonlinear polarization la established is made part of a 

capacitor that 1c formed by two electrodes that are placed on opposite 

sides of the dielectric.    The capacitor thus formed is then connected 

to an external detector.    Thv arrangcawnt shown in Fig.   ('. 1) represents 

the simple case of a parallel plate capocitor formed with the nonlinear 

dielectric medium. 

To find the voltage acroso the capacitor,  the potential problem 
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+d 

-d 

 i • 

P 

Fl«.   M-    Detector Model Aaewcd in Section %l 

y s (j 
u     I 

y=-d 

Pig.   5.2.     Configuration for Potential Deecrlbed by tqo. 
(5.1) and (5.2) 
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cooeidered In Flg.   O-C) U flrßt Bolved.     Here the dielectric .ediu» 

is conBldered infinite along the x and t-dircctions and of breadth 2d in 

the y-dlrcction.    The general oolution for potential Batiefying the 

Laplace'« equation can be written au 

V2 - Bo ♦ B1 y (3.2) 

where V    is the potential Inside the dielectric and V^ the potential 

outelde the dielectric.    KJOI r.y».try L-ontidi rot lorn. A0 • 0 and Dj^ • 0. 

Hence E<j.   (i.l) and (3.2) reduce to 

V    - 0 (3.»») 

"Hie two unknown conatant« in Lqa. (3-3) «nd (3.'») can be aolved by •peel- 

fylng th« two boundary cooditlooc.  tquatlng the potential at y • d, ooe 

obtains 

v- B (5.^) 

The second boundary condition Involvec the discontinuity in the 

norul dioplaceaent vector.     Since no true charge has physically been in- 

troduced into the syatea, one has fro« Maxwell's equation 

V .   5 « 0 (3.6) 

However, the dlsplaccmrnt vector includes two kinds of polar1 tations, 

the internal poiarliatlon ?. caused by the nuterlal property and the ex- 



tenud poUritatioo f   that le induced into the systea by an external 

afleacy (in the preeent case the nonlinear field).    Thus D can be 

written aa 

I • cj ♦ f« ♦ I. (5-7) o l        * 

where c    i« the pemlttlvity of free epace.    Subetituting Zq.   ().7) In 
o 

Kq.   (5.6),  one het 

y. ill »Jj) - -    ?e 0.8) 

ut 

-v • ?e " ^p (3-9) 

vhere p ie the polarization charge density.  Pro» Kqs. (5.8) and ().9), 

it 1» eeen that 

y . (€oB ♦ Pe) - pp (MO) 

TbuB it ie cbeenred that even though only polaritatlon rhargea are in- 

Tolved,  the eitemal polaritatlon charg«- behaves aa a trut? charge for 

the systea under cons ide rat ion.     Since the polaritatlon it aaavaed to 

be ualfora in Pig.   (3.?),?•? - 0 everywhere except on the boundary. 

The Mcond boundary condition at y - d la therefon* 

dV dv 

•«o^^5r"Pe ^»J 

vhere c la the permittivity of the dielectric at low frequenciea.    Froa 
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Eq..   (5.3), (J."»). ««wK^U), ooehM 

P 
P« (5.12) 

8ub.tltutln« Eq.   (M2) In ().5), «ad ^tlng y - d 

Vl-   . 
M (5.15) 

TbU re.ult can be .pidlcd to the coe .hofwn In Pig.   (5-1) without nny 

frln«. effect.,    ft* *oU««e ecro.. the cpecltor 1. then glTen by 

v    .?!•! (5.IO 

low, eoMlder the circuit «hoim In Plf.   (5.5) -here the cnpncltor 

U connected to mn eiternd detector with en Input cepecltnnoe C end nn 

Input reeUtnnce R.    The nodal equation et the node A U 

|s/f.c^.o 0.1») 

where ¥    H the Initnnteneout voluge ncroei the cepecltor plates and Q 
o 

1« the charge on then.    The charg« Q on the plate la due to the external 

polarltatlon iource plu« the depolarlilng tffect In the naterlaL 

Aasialng unit area for the capacitor platet, the total charge on the 

capacitor I« 

Q e 

Subttltutlng Eq.   (5.16) In Eq.   (M5), one haa 

dV   / N     V        dP 

.EtP (5.16) 

dV   / \     V        or^ 
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Wo-* 

CQ 

Flg. ). U. Equivalent Circuit for the Configuration of 
Flg. 5.3 



where E has been replaced by Vo/2d.    For the non-frinelng caoe that la 

under consideration, </2d Is the capacitance of the capacitor fomcd 

with the nonlinear dielectric.    If this capacitance Is designated by 

CQ, then Eq.   (5-17) can be rewritten as 

dV V i        dP« 

Taking the Laplace transfora of Eq.   (J. LB) and letting the Initial 

conditions be zero, one has 

t * B __-r^ r 
** s ♦ (C0 ♦ CJR 

V')--cfTT   1  Ö-« 

But,  frca Eq.   (;.1U) one has 

Pe(t) - vQ(t) cQ
, (>.20) 

where C     is an equivalent capacitance which is explained later la this 

section and is given by 

Hence 

Pe(0 - vQ(.) cQ 

Substituting the value of P (s) in Eq.   (5.19), one obtains 

V (a) - -    3       Jl     !  (V22i o^   ' C0 ♦ C 1 l>»J 

• ♦ (CQ ♦ C)R 

27 
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In Eq.   0.21), a dlBtlnctlon has been «ado between C. and C^   al- 

thouflb these two quantities are equal In the present slaple case.    If, 

however,  there Is an air gap between each plate and the dielectric,  then 

Cü and C     will be different.    C. is the actual capacitance of the 

systea whereas C.    Is an equivalent capacitance formed with the dielec- 

tric alone present.    Thus the general expression for the output voltage 

is written by modifying Eq.   (5.22). 

KM • • ^S       I— <>•») 
' * (CQ ♦ C)R 

Rewriting Eq.   (3.25) 

v (•) cft 

*•<•) • - irre3     ; <>•*) 
'Q 

'  * (CQ ♦ C)R 

where 

Ve-VQ^- (5.25) 

Eq. (5.21») describes the circuit which is shown in Flg. O. u), and 

Fig. {'.-.) thus shows the equivalent circuit model for the configura- 

tion shown In Fig. (5.5). 

5.2. Output Response for a Continuous Laser Bean Propagating 

Through the Medium 

Consider the case of a continuous laser beam that is turned on to 

time t - 0. After time t - 0 the besn traverses the mcdiim continuously 

in time with the sane Intensity. Tbc polarization in the medium can 
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thus be represented by a step function Pe - P0 u(t) •■ ehoim In 

fig. (3.5«). For euch a driving function the output reeponM V0(t) Is 

given by 

»^..J^L.-'/'V^        0.26) 

The response given by Eq. (%26) Is shown In Fig. (3.5b). It csn be 

seen that there Is no average d. c. output. Thus If a continuous laser 

be» of constant Intensity traverses the aedlia, the d. c. polarltatlon 

set up under these conditions does not yield any power outjwt except 

during the transient condition. This Is In accordance with the conclu- 

sion arrived at fro« the field theory approach In Section 2.3. 

).3. Low»Prequency Intensity Modulation Dntector 

The technique of detection outlined above can be used as a nodula- 

tlon detector In the case of laser pulse having low frequency nodulatlon. 

This Is of practical Interest since the actual ruby laser outfit Is 

coaprised of spikes that occur once in a alcrosecond. 

Por the purpose of analysis, if one consider tbe external polarl- 

tatlon to vary slnusoidally, then 

Pe(t) -P0 cos wt (5.27) 

Then 

Pros Eqs. (3.20), (3.2U), (5.25) and (3.28) It follows that 

PR      .2 
V0(.) - - -25 2  (3.29) 

(1+^)(1 + T S) 
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time constant =(CQ+C)R 

n^.  5. %    Output Reeponse to ft Continuous Ufter Be« Travellln« 
Itarough the lonllnrftr ML-dim 

Fig.   5.6.    Output Reeponse to ft Slnueoldall^ Intenaity Modulated 
Beam Travelling Through the Moolincftr Medina 
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where 

T" (VC)R (5.50) 

Taking the loreree trenafora 

v0(t) 
P R 
o S -tA J  »ln(wt - ») 

t(l ♦ t ^)      (1 ♦ t w ) ' 
(5.51) 

where 

-1 f - tan  ••* (5.52) 

Under steady «täte condition, fcj.   (>. 51) reduce» to 

V^ * M        2 2.1/2 
(1 ♦ T w ; 

•In (wt - #) (5.55) 

Eq.   (5.55) «how« that there if an output at the aane frequency aa the 

■odulatlon, thua proving that ayetcn could be u»ed aa an intensity »odu- 

lation detector.    Fig.   (5.«i) reprceenta thia case. 

The above reault is of practical Uaportance  in eatabllshing the  re- 

latlonahip between tho ahape of the laser pilco and the ahape of the 

d.  c.  polarization pulae.    Tbe actual ruby laaer outfit la coaprlacd 

of a series spikes that occur at the rate of once a mlcrooccond aa 

shown in Klg.   (5.7a).    The d.  c.  polarltatlon should theoretically ex- 

hibit this spiking phenonena as represented in Fig.   (5.7h).     However, 

as will be explained In Chapter 5, there may be measurement difficulty 

in observing this phtnooonon if the laaer power output is low. 



i k  

(0) 500 /isecs ,^l 

-il llu.. 

(b) 

Pig. 5.7. Output Rcsponne to an Actual Laier Pulse 

(a) Laaer Output as a scries of spikes 

(b) d.c. polarization caused by (a) 



Chapter U 

APWJCATIOM OF TOE PHENCMEMOH OP D.   C.   POURIZAnOH TO 
USER POWER MEASURÖffilfr 

In this chapter a new nethod of »eMurln« power In a high power 

InMr pulie it propoeed.    The »ethod MÜiet use of the d.   c.   polarlin- 

tloo that !■ developed when a high Intensity laeer be« traverees 

through a meilm like quartt.    It U «hown that the d.  c.  polarltatloo 

It directly proportional to the Intensity In the User hem. 

U.L    A Boundary Valua Proble« 

Contlder a circular cylindrical quartt crystal rod with the optic 

axlt oriented along the length of the rod.    Ut the laser bet« propagate 

along the axial direction.    Pig.  '♦.I thows the cross-section of the 

cylindrical quarti rod of radlut b with Itt t-axlt prrpendlcular to the 

plan.- of the paper.    The Incident later bet* is attxaed to be linearly 

polarited and cylindrical in crott-tectlon.    The radlut of the besn It 

Let the laser be« cause a unlfom d.   c.   polarltatlan glren by 

Eq.   (2. iM in the trantverte direction aaklng an angle 0 with the z-axla 

of the cryttal.    Bince quartz It a uniaxlal cryttal, the x-y plane la 

Itotropic.    Let the perBlttlvity in the tranererte direction at low fre- 

quenclet be c.    TOlt can be contldered aa a tvo-dlsMntlonal electrostatic 

problen for the case of the crystal of Infinite length. 

Due to the cylindrical synmetry of the problem, the solution for 
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the potential may be expanded In terrnt of cylindrical harmonica.    The 

potentials In the three regions thus taXe on the form«, 

go 

Vj S A^ rn co. n(9 - ^) 

n-l 

c>o 

V    -7(8   r0 > C   r"0) co. n(0 - ^) 
2    L.      a ■ 

n-l 

V   -\    Dn r"n coa n(e - 0) 

n-X 

• 
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Tfce 

(«».D 

U.2) 

(«..3) 

Her« V    represent, the poUntlal in the region of cry.tal filled by the 

laMr beat, V    the potential In the region of the cry.tal not filled by 

the laeer be« and V, the potential outelde the cry.tal «edli«.    An,  Bn, 

C    and D   are cooetant« that are to be detemlned, Md « 1« the angle 
n n 
■eaaured fro» the x-axl..    Tlie d.   c.  polarization P0 «ake. an angle 0 

with the poaltlve x-axla. 

For the unifont dlpole polarltatlon f. all conatanta K^, Bn, Cn 

and D   are rero except for n - L     Thua.  Eq..   (U.l) to (U.}) reduce to 
n 

V1 - i^ r coa(« - 0) (*.•») 

V2 - (Bj^ r ♦ ^ r"1) coa(0 - 0) (H.j) 

V    - Dj^ r"1 coa(g - 4) (H.6) 

Eqa. (>t.lt) to (U.6) have four unknown conatanta which can be de- 

temlned by making uae of the two boundary condltlona at r - a and the 

two boundary condltlona at r ■ b, where a and b are the radii of the 



laser be» and the crystal respectlvelor »nd • < b. 

Ai ■entlooed la Section %lt care «ust be exerclted la deecrlblag 

the boundary ccodltloaa at r - a.    A clear dlatlnctloo ha. to be «ade 

betveen the external polarltln« «ource and the Internal depolarlzln« 

field of the aediuB. 

Since there are no true chargee Introduced Into the ■yete«, 

V .   D - o (•».8) 

Subetltutln« Bq.   (^.7) In tq.   (U.o), 

v- (%«*VV-0 

V. ,I--V .?0 (•»•9) 

Inelde the circle r < a, P 1* unlfora and.hence the right band tide of 

tq.  (k.9)  Is lero. Bowerer at the boundary r - a 

- y. ? -P •   n («».lO) v   o  o 

where n U the unit Tector nomal to the eurface at r > a. Thu« the 

boundary conditions at r - a are 

«sr* • ST" poco,(0" ^ ('*,11) 

V1-V2 (W.12) 
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At r - b 

dV, i)V 

«ST- 'o 

V
2-

V5 

i? (i». 15) 

In the «bow equations €o U the free apace pemlttWlty, cr the 

dielectric conatant of the crystal In the tranarerae pUne and c - c^. 

Itaklng Ml of Eqa.   (U.U) to (H.lM In Eqa.   {k.k) to (U.6), 

obtain« the following equation« for the conatant«. 

1)     K 

^■2.b2(cr.l)     2< 

a2P0   (.r - 1) 

2< 

& 

^7^ 

(•♦.15) 

(k.16) 

(W.17) 

(W.1B) 

8ub«tltutlng Eq«.   (I».15) to (U.IÄ) in Eq«.   (U.U) to (U.6), the follo«- 

ing potential «olution« for the boundary value problm are obtained. 

•Vr 1) 

2cbZ(€r * 1) 
2< 

r coa(0 - 0) (U.19) 



58 

•2P (c o^ r 1) .2P 

2eb^(€r ♦!) 
r ♦ o   1 

2c     r 
coo(0 - 0) (i*.20) 

.2P 

or 
(%.il) 

I». 2.    An Ideal Power H«.ter 

Pro« Eq.   (>».2l) the voltagea on the boundary of the cryctal along 

the two axe» ore given by 

?P »f 
v   • —r—^ ■ ng eo» 4 

x     c^Tc» ♦ l;b o   r 

2P a o t .- —i rn: oln 4 y    •«(«_ ♦ l)b 
(»1.23) 

o    r 

Rot« that Vx - 27^ and Vy - 2V5y. 

If the power In the lauer beaa la P., then the electric field In- 

tensity B - E coa w». la given by 

0   «a2 L 
(U.2U) 

where f) la the Intrlnolc imrcdnrcc of the crystal Mdlun in the trana- 

vcrae direction.  In deriving Eq. (t.N) the laaer beam le atovaaed to 

be propagating in an Infinite medium.  Subotituting Eq. (U.2U) in Eq. 

(2.11«), one has 

P -^ PT 0,2  L 
(»♦.25) 
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Proa Eqe.   {U.22), (U.25) and (U.25) 

V    - K PT  coe 0 ('♦•So) 

V    - K P.  «in ^ 
y        L 

th.fr) 

where 

K -^      P      ,i («».26) 

Eqe.   («1.26) and (l».27) expreai the d.   c.  polarliatloo U» texm« of 

the power content In the User bea».    Adding theae tvo rolUgea In 

quadrature,  the followlng relatlonahlp between the net d.   c.   polariza- 

tion and the power in tha laser bena la obtained. 

V - K PL ("».29) 

where 

v.(vx
2.vy

2)l/2 («».50) 

the followlne intereatlng obaenratlona can be nade froa Eq. (>».29): 

1) The Toltage la linearly proportional to the power in the 

laser bea. 

2) The voltage is dependent only on the power in tbe laser 

ben and not on the size of thu laser bean, as Ion« as 

the entire bean ia contained within the crystal. Thus 

any focusing or defocuaing effect of the bean does not 

affect the Toltage V. 

5) It is alao easy to observe the fact that even though the 



above equation has been derived aamalng that the power 

denelty In the laser beam le unlfona,  the result will 

hold true even for the case vhere the power density In 

the bean la only a function of the radius. 

These Important features make this principle attractive for 

■eaauring the power In the laser beam. 

li.J.    Device Considerations 

The basic principle of the power meter was described In the pre- 

vious section.     A practical method of applying this principle will now 

be presented.    Consider aealn the confl«uratlon of the 2-cut quartz 

shown In fig.   (H. l).    The laser beam propagates along the t-axls and 

la concentric with the cylinder.    Proa Eqa.   (U.2l) and (U.2^) one 

obtains the following equation describing the  potential outside the 

cylinder In terms of the power in the lar«r boom. 

'• mrVn pi ?""•<•-" (k.51) 
o r 

Tbc equlpotential lines described by Eq. (b.M) with ^ • 0, are 

ehovn In Fig. (U.?).  It can be observed that the equation r > k cos 0, 

where k is an arbitrary ronr.tont, describee equlpotential surraces. 

Oubstltuting r - k roc 0 In Y^.   (ii. l), one oltalns 

where 

V " K1PL 

^1 ' k n  c U f 1) 
o r 

(»».52) 

(%.») 

For various values of k, Eq. ('♦.52) dcacrlbea equlpotential BUT- 
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face* outside the quartz crystal which are pairs of circles vlth 

centers at (♦ It I^Pj/2, 0) and of radius of k I^Pj/2. 

Tor the actual coostruction of the power aeter, a pair of elec- 

trodes Is placed along these equlpotentlal lines * V corresponding to 

r - k. cos 0. The plates are aligned perpendicular to the x-axlt of 

the crystaL The tvo pistes form a capacitance vlth roltages • V and 

- T on the tvo plates. For the purpose of analysis It is now asstssed 

that the laser be* is linearly polarlted along the x-azls of the 

crystaL  (For a laser beta that Is not linearly polarlted, power 

■sasuraasnt could be nade by separating it Into spatially orthogonal 

coaponents and aaklng IndlTldual neasureaeot of each). Proa Eq. (Ii.29) 

the Toltsge across the plates It given by 

where 

**' v ds •" 
The equivalent circuit for the syaten was derived In Section 3.1 

end Is shown In fig.   (U.)).     In the equivalent circuit C    represents the 

capacitance fomed by the tvo electrodes, C the input capacitance and R 

the input resistance of the neasuring device.    The aaxiwa output volt- 

age according to Eq.   {'.'J') is given by 

V.-rr^-r^pi ^ 
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PlC U.U. Output Response to a Square Leacr Puls« 

PlC. U.J. Equlvolcnt Circuit Model of the Quartt 
Detector 
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k.k.    Dl«cu6tlon 

It II »e«!» trm Eq.  (U^) that to obtain Urge output volUge, 

the Input cnpacltnnce has to be made as nail aa poeslble.    An Ideal!ted 

rectangular laeer pulac and the rcaponae of the circuit for euch a pulae 

are ahoun In Fig.   (U.U).    Tbie output voltage follows the laaer pulae 

faithfully If the tl»e conatant of the circuit la large c<«pared to 

the duration of the pulw. 

The output voltage V   directly «eaaures the laaer power at any 

instant,    tfce total energy In the laaer ^ilse can be detemlned by In- 

Ugratlng the output over the period of duration of the i»ilae. 
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Chapter ^ 

hOPKlUMUrrC AMU RLSUUTS 

Theoretical reiulta on aany aepects of the phenoKnoo of noOlnear 

d.   c.   polarltatloo in cry.tala «re derived In the preceding chapter. 

ExperlBL-ntal verification uclng quartz cryetal for »tme of the« Ü 

preeented in thle chapter.    It va. not poaslble to verify all the 

theoretical re.ulu due to the lack of .vallablllty of a la^r that 

delivered high enough power output. 

5,1,    Quartz Detector Mount 

The theory on detecting technique va« presented In Qiapter J. 

Chapter l| though has been devoted toward the theory on the application 

of the phrnonenon of d. c.   polarization fbr power •eaeurcaent,  euggact« 

a «ethod for practical conotructlon of a detector.    Any detector that Is 

conitructed for verifying the theoretical retulti »entlcned In the 

earlier chapter« should satlsry the following requlre^nts. 

1) The crystal holder that «upports the seaple should exert 

no »train on It. 

2) The field oet up by the d.c. polarization In the cryetal 

should be undisturbed by the detecting system. 

j) The level of the d. c. signal being email, external noise 

pick-up« and the noloe figure of the detecting circuitry 

should be reduced to a nlnlnun. 

U)   The crystal mount should have facility to be rotated about 

Ita axis. 
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5) The lapcdance of the crystal holder being high, the 

external detecting ay at« ebould alao be de allied for 

high Input iapedonce. 

A apeclal mount for the quartz vaa nade that aatlofled the above 

rcqulrewnta. The mount la an aaacably of the cryatal holder, rotating 

■achanlaa and the built-in preanpllfler. A perapectlve picture of tbla 

is ahown in Fig. (5.1). A metallic cylinder encloaea a plaatic cryatal 

bolder with electrodea and the preaiplifler. The preamplifier, the 

detalla of which are deaerlbed in the following aeetlon, ia mounted on 

the rear aide of the cylinder. The metal cylinder ia aupported at the 

ende by two flange« mounted on a common baa« aucb that it can be rotated 

about its azli. The bolea on the front and rear end of the cylinder 

permit the laaer beam to travel through the crystal and out without any 

obstruction. 

A cut-away view of the crystal holder and electrode sseembly Is shewn 

in Fig. (%?). This part of the assembly is mad« with inaulator material to 

mlnlmlte any disturbance of the potential field configuration set up by 

the d.e. polar1 ration. Two flanges with circular holes nt the center 

keep the cylindrical cryatal In poaltloo and do not Interfere with the 

path of the laaer beam. It waa ahown In Section k.k  that the equlpo> 

teotlal aurfacea outaldc thr quartz meditn are deaerlbed by the equation 

r ■ k coa 0, where k la a constant.  A pair of elecrodea aultably 

ahaped ia placed along a pair of theae equipotentlal aurfacea r • k. coa 0. 

It la aeen from rig. (U.2) that hlgheat potential aurfacea are cloaeat to 

the quartz cylinder. Thua to obtain a large output voltage acroaa the 

electrodea the plate« should be cloae to the quartz cylinder. However 

—^——. 
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SUPPORTING  FLANGES 

AMPLIFIER  TUBE 

OUTPUT CABLE 

-BASE 

METAL CYLINDER 
CONTANING QUARTZ 
DETECTOR   AND 
PREAMPLIFIER 

Fig.   ';. L     Prroprctiw View of the Crystal Mount 
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to obt^n a imm «itprt voUa«c Vo In Fig.   (U.)) CQ .houLi be l^ree 

«hlch neonc that Iht v«l .• of Ml capocUancc  formed by the electrodes 

•hould be IATBC.    T1.13 ncrro.ltatcB a* large on area «a poaclble for 

the electrodes,    ^UD tJ* two »actors oppooc each otlier In chooeln« the 

cooatant k1 nnd a canpn.iw.- has to b» mnd.-  for optlmv» design. 

The orientation of the nysUl with rccpcct to the .Icctrodcs 

should be euch tnat it woiOd cctobllch the d. c.   polaritatlon in a di- 

rection that would cause an equlpotcntlal surface ||ff| the orientation 

of the electrodes.    For a Ml quartz crystal,  i.e., propocatlon alone 

the optic axis,  if the linearly polarized electronacn^tlc wave Is nadc 

to coincide alone the x-axU, then the d.c.  polariiation Is also alone 

x-axlc    For such a ease the plates arc aligned perpenuicular to the 

x-axls of the crystal.    A side view ol   the   beao, orientation of the 

crystal and the plate: Is shown In Fig.   {>.5). 

5.2.     Preanplincr Circuit 

The primary requirements of the preaciplliler are that It should 

Usve a high input impedance «nd low noise figure.    It was pointed out 

In Section 3.!; that to obtain a large outjwt signal, the Iniwt capaci- 

tance of the onplirller should be as mall as possible.     This Isne- 

dlately suggests the use of a cathode follower.    To reduce the external 

noise pick-upo a balanced cathode follower Is used, a circuit dlagrao 

of which lo shown in Flg.   (5.U).    The circuit uses a subolnlature tube 

CK 6112 which Is a twin trlode.    The choice of this tube was mode  fron 

considerations of siw.- and tho input capacitance.    The filament supply 

Is obtained from a d.c.   source to keep down the noise figure of the 

amplifier.    The plate supply voltage Is 125 volts and tho bias voltage 

i 
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It«.  5. )•    OrlenUtlon of Cryeud Axcc With Re»pccl to the 
Llectroder 
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Pig.   S.U.     rrfomplifhT Circuit Dlagrtn 



1* - r,OV.    The cathode reoiotore are 560 kilohae each and the grid 

leak peaiston are 10 »eghohint each.    T».e large reeletancc at the Input 

Is to obtain a high Input Imp-dance and the large realetancc in the 

cathode circuit to keep the plate current low. 

The input capacitance of each cection of the preaaplificr la 

In        gp       gk 

where C     ia the grid-to plate capacitance, C      ie the grid to cathode 
gP ^ 

capacitance and A the gain of the aaplifier.     In the preacnt caae A ia 

very naarly unity and hence E<j.   (5.1) can be approximated aa 

C,    -C (**) In       gp 

Lo<Alng into the wplifier froa the eltctrodc tcnalnala, the in|wt 

capacitance of the two aectiona add in aerloa and thua preaent a net 

input capacitance of half the input capacitance of each aectlon.     The 

aaaa ia true for the wiring raparitance.    Thua the balanced input 

arrangenent haa the additiuttal advantage of reducing the input capaci- 

tance aa aeen by the quart t. 

To reduce the nolae figure of the tube,  ito filaacnt ia heated frc« 

a d.c.   aource.     Ueeidea,  the tube  it operated under heavy apace charge 

conditiona.    For the valuca choaen in Pig.   (%«»), the current under 

operating condltlonc la leco than 100 Bieron«pcreB.    Tlie nolac out^t 

level of the preoopllfler a« racaoured la approxinotcly 2'j aicrovolta. 

5.5,     Laacr 

TIJC Inner used 1c of pulccd ruby typ-.     The laacr cavity io of 

elliptical crooB-nectlon with ruby plnced at one of the foci and the 
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llnBW flaeh tube at the other.    The input to the fUsh tube It abwit 

720 Joulei delivered by • capacitor bank of )60 nicrofarada.    The 

later output energy frot the ruby it approxiaately 5 Joulet and the 

duration of the pulae it approxiaately U00 aicroaecondt.    Tt* ruby ia 

90° cut,  i.e., the optic axit it perpendicular to the direction of pro- 

pagation and hence the later output it linearly polarited lllj. 

%\.    Experlaental Arrangeacnt 

The general tet-up of the experinent it thown in Pig.   (S 5)>    All 

the eoaponentt are aounted on a lathe bed optical bench.    The later 

output it patted through the quart! detector,    nie quartz detector 

■ount hat facility for vertical, tranavcrte and rotational allgiaentt. 

The beat eaerglng fraa the detector ttriJwt t white background.    Tbe 

tcattered light It picked up by a photcaultlplier and It fed to one of 

the input» of the dual beta oaclUotcopc (Tektronlc Model 535)>    The 

quartz detector Mpllfler It connected to the power tupply by aeant of 

a tblt ided cable.    The output of the quartz detector It fed to the 

tecond Input of the otclllotcope.    Both tracet of the otclllotcope are 

tynchronized with the ttne trigger voltage that It fed to the later 

unit.    The otclllotcope It tet for tingle tveep operation. 

Ibere are tote laportant precaution» that thould be obterved ia 

performing the experiment«.     At will be teen in the later tectlont of 

thlt chapter the tlgnal that it to be aeatured ia latt than bO alcro- 

voltt.    At thlt low level extrcne care it to be obterved in reducing 

the nolte plck-upt at auch at pottlble.    Thut all lead» frcn the output 

of the quartz crystal through the pretnpllfier,  upto   the input of the 

otclllotcope thould be balanced.    The lead» are to be veil thleldad and 

— 
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and grounded.    The grounding hw to be one comon ground.    Any loops 

In the leads of the quartz detector le to be avoldtd to prevent «ny 

pick up of the radiation field eet up by the high voltage trigger nnd 

the enomouB current flow that occur during the firing of the Hash 

tube.     Aleo the la»er power supply,  the lead« fro« It to the flneh tube, 

the high voltage trigger «nd Its leads, and the luser unit chould all 

be well shielded.     The appropriate precautions acntloned in Section 1».2 

should be taken Into account to keep down the prtasipllflcr noise to 

the ■Inlm'« extent pocslblc 

The second laportant precaution tltat shooLl be obeenred In conduct- 

ing the cxpcrlJBcnts Is the voltage thnt night be developed due to any 

phenwena other than the nonlinear polarltatlon.     ftMs of the najor 

sources will be the pyrorlectrlc voltage.    A detailed discussion on 

pyroelectrlclty can be found In the standard text books on crycUlu. 

It is enough to note here that the jyroelectrlc voltagL  is caused due 

to heating of the cryLt&l and Is developed In a unique direction of the 

crystal.     In quarts crystal the pyrotlectrlc coefficient is icro.     How- 

ever there nay still be a saull effect present due to lapirltles and ia- 

pcrfectlons In the cryutal.    TV  crystal should be free of strain and 

well polished.     It should be nounted in such a manner as to Introduce 

the least amount of strain.    The ssople used in the experiaents des- 

cribed in the following sections, was found to have this abnomal 

voltage.     It was reduced to a mlnlaisa by properly orienting the crystal 

with respect to the electrodes.    This, of course would prevent the con- 

figuration described In Pig.   (''.'-).    This presents no serious problea 

as the entire crystal mount can be rotated and positioned with respect 

to the polarization of the laser bean so as to produce the naxinus 



voltage on the electrodea. 

Another precautionary atep la to make aure that the beaa la coa- 

pletely vlUiln the cryatal and veil centered.    Extra precaution la to 

be obaerred In keeping the ben fr« bitting the electrodea. 

5.5.    Observation of d.c.   Folarliatlon 

With the aet-up ahown In Fig.   (5.5), the quartz output vaa neaaured. 

The output la of the order of UO alcrovolta.    Tbla la for the angular 

poaltlon of the »ount for which th- output la poaltlve wulaua.    Fig. 

(Soa) la the oecllloacope picture ahowlng thla output.    Tha upper 

trace la the jfcotonultlpller output repreacn.lng the laaer output.    Tto» 

Hiolanultlplier tube circuit baa a long tlae conutant and hence the 

aplkea In the ruby output are not aaun.    Only tbe envelope of the laaer 

output la preecnt.    Tbe loner traca repreaenta the quartx detector out- 

put at the poaltlon of aaxuna poaltlve output,     flg.   ($.öb) repreaenta 

tbe cltuatlon wt.cn the quartt cryatal la replaced by a glaaa rod.    Tba 

angular poaltlon of the quartx aount la aalatalnad tbe aane aa In tbe 

earlier caM.    TU* output of the quartt vaa due to Ita cryetalllne 

character.    However glaaa la aaorphoua and ahould yield no output.     Thv» 

a ccBii«rlaon of tbe two output would prove that the Aitput voltage la 

caused due to the cryatalllne natture of the aediua.     In Hg.   (^.6b) on« 

obtervea a very avail output out of the glaaa rod which la found to be 

Indt-pindent of Uv   angular poaltlon.    Ihua thla aaall output sight bo 

'ur to the realduiil atraln In the glaaa rod. 

One ahould eApect the quartt detector output to be aplked alnce 

the laaer output   la.    Tbla t'ollowa fron Section 3»3»    ^b* aplXee are 

approximately 1 paced at tin •  Intervnla of a alcroaecood and hence to 



(•) 

(b) 

flg.   5.6.    CoapwlMi» of Out pul fre» Quart» Crytttl with that fre 
Gl8«i Rod 

(a) rhotograph of :h» dual b««n o»cillo»cop« in uhlcl» 
the lower tr«c« chows the quartz detector output 
and the upper tree« the Intenilty of the laser 
N-am, 
fweep rate:     ^00 «IcroBeronda/». 
Sensitivity of upper trace:    50 ■Irrorolts/oo. 

(b) A« In (a) with the quartz replaced by the glass 
rod. 
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detect then, the •yuU-m ohould have • bandwidth In the order of at 

least »egacyclet.    Since the output of the quarti detector ll le«i than 

50 »Iciwolti, It li difficult to obtain a detector to ■ea-ura auch 10* 

TOltt«« and at the eame tine to have a bandwidth of a few negacycl«. 

Tba detecting eyetem ueed la the ToktrooUi Model 555 oeclllotcope with 

type E input «pllfler.    It haa naxloia aenaltlrlty of 50 nlcrovolte per 

centl^ter with a bandwidth of 20 Idlocyclea.    Thla la the reaacn for 

the Inability to obaenre the aplklng phcnoaenon. 

5.6.    Angular Dcpepdrncg of d. c.  Polarization 

It waa proved In Section 2.2 that rotating tho quart» detector 

about Ita axlt while keeping the electric field orientation of the 

laaer bcm fixed In apart, the d.c.  polar 1 ration ahould route at doubl« 

the angular rate.    Thua, if the quartt detector la rotated through 90 

In either dockwiae or antlclockwiae dir«ctioo the d. c.  polarltatlon 

vector ahould rotate through an angle of l6o .    Thla neana that on« 

ahould expect a revcraal in the d.c.  output voltage of the quarts da- 

tector aa it ia rotated through 90°.    Thla la proved by the picture« 

ahown In fig.  (5.7).    Fig.   (5.7a) repreaenta an angular poaitlon for which 

the output la a positiv« mnxlrevsa.    Fig.   (5*7b) repreaenta the angular 

poaitlon 90° away frcn that correapondlng to Fig.   (5>7a).    It ia aeen 

that for the aaoe laner power, depicted by the upper tracea, the magni- 

tudf of the quartt output renalna the aane while the direction alone 

reverees. 

For the aane poaltiona, the glasa rod waa tried aid there was no 

reveraal In output.    The none outpit that ia ahown in Fig.   (5>6b) waa 

repeated thus proving that the mnall output fron the glaaa la due to a 
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Pig.  5.7.    AnfuUr >ptiulcnc* of d. c. PoUrimion 

#   \    I****.** of th« du^ b««i o»clllo»coi» in which 

23 STUPPT tr.« th. inten-ity of the U^er 
JJi«. »5S detector U «djutted for MMM 
negativt output. 

(b)   A. in (•);    quartt d.t«ctor routed by 90° 
fro« that of potitioo in {•). 
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phononcnon othor than due to lack of inversion aynmetry in a cryatal- 

line itructure. 

5.7.     Detcrmiiuaion of tin- ggecad Ord'-r Wonllr/ar 

Coofficitnt u 

It U poosible to eetabllch the value of the »econd order nonlinear 

coefficient a in the aatrix of tq.   (2.2) by ■caourin« the d. c.  output 

voltaae of the quartz detector.    The procedure i« to firat detemine 

the ptak povcr In the laoer puloe by m-aBurln« the total cnerey using 

caioriaetric tedinlquc and knowing the puloc shape given by the photo- 

■ultiplier output.     Substituting this value of the peak power and the 

value of the cajeMtances in Eq.   («».56), one can calculate the coeffi- 

cient K .    Knowing K-, a can then be obtained by using Eq.   ('♦.55). 
2 • 

The laser energy was «eanured with the rafa nest caloriacter that 

was specially conctructed for the purpose.    The energy output of the 

laser was found to be 5 Joules for an Input energy of 720 Joules.    Since 

the photoaultiplier output la directly proportional to the instantaneous 

light intensity, the anplltude of the photoiultiplier output directly 

indlcatea the relative inctantoneous power In the laser bean.    Thus the 

energy of 5 Joules corresponds to the area under the laser pulse repre- 

sented by the  upper traces of the plct«ires in Figs.   (5.6) and (5.7). 

Froai these data, the peak power of the laser ^ilae can be shown to be 

equal to 15 kilowatts. 

To calculate C , ,  the capacitance of the quart! crystal with the 

special electrodes,  one con noke an approxinate eatlnate of the sane by 

the method suggested in the appendix.    The actual cross section of the 

crystal and the electrodes and their lengths are shown in Pig.   (5.6). 
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This la .pproxlnated with the configuration shown In Flß. (A-D of the 

appendix. The capucltence la then given by Eq. (A. 53) vhlch Is re- 

written below. 

Substituting the follwlng values In Eq. (S. la) 

S"*«10 

€r - U.5 

/ - L 

one obtains for the cspacltanc« an epproxlaate vslue 

CQ' - 0.75 Pf ^.3) 

The actual «essured value Is 0.9 pf. 

Because of the epproxlaatlon aadc In the configuration of tha 

plates with respect to the crystal In the above derivation, one has In 

I*  (3.25) 

V^' (3.«0 

Hence Eq.   (3.25) reduces to 

Ve   -   VQ (5.5) 

An estiaate could easily be mode of the Input capacitance C pre* 
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•ented by the preaipllfler. This !• glren by Eq. (5.1) Plu« the iti^y 

eapeclUnce. Pro« the tube manual one has for the tube grid to plate 

capacitance a value In the range of 1.0 pf. The etray capacitance for 

each stage can be assused to be In the order of 9 pf. Thus the total 

Input capacitance presented by each section Is In the order of 10 pf. 

The Input capacitance of the tvo sections are to be added In aeries to 

calculate the total Input capacitance In Eq. (t. 36). It is In the order 

of 5 pf. The sctual »easured value is 7.1 Pf. aibstltutlng C^, C^ 

and C In Eq. (>t. ^6) one hns for the peak output voltage 

K 

Substitutii* 

\u " ^ T\~ ^ 

PL       - 15 x 105 

one obtains 

K    ■   0MX      I (5.8) 
2     L7 « 103 

The relationship between K^ and a can be obtained by substituting the 

follovlng values for the newly encounterea varlsbles la Eq.   C*. 35) 

1^ -^ b 

b - 1 CB 

n ■ 80« 

Then 



•ented by the preaipllfler.    This !• given by Eq.  (5.1) tfua the •trv 

cepaciunce.    Prat the tube «amud one has for the tube grid to plate 

capaelUoce t value In the range of LO pf.    The .tray capacitance for 

each stage can be assined to be In the order of 9 pf.    Tbue the total 

input capacitance pretented by each «ctloo It In the order of 10 pf. 

The input capacitance of the tvo .ectlooe are to be added In eerie« to 

calculate the total Input capacitance In Eq.   (W.36).    It i« In the order 

of 5 pf.    The actual aeaeured value la 7.1 pf.    Sub.tltutlng CQ, CQ 

•nd C In Eq.   (I». 36) one h«i for the peak output yoltage 

V o ^ ^ (5•7, 
'7 UMX 

Substituting 

PL       - 15 x 105 

one obtain« 

(5.8) 
2     L7 x 1<^ 

The relationship betveen K   and a cen be obtained by substituting the 

following values for the newly encointered Tariebles in Eq.   (l».55) 

kj^ - ^2 b 

b - 1 m 

ij • 80« 

Then 



a - U. .J x 10' •15 (5.9) 

frm Iqt.  (r>8) and (5.9) 

O - 2.5 x 10 •18 ,k. •.  unita (5.10) 

The conversion ftro« m.\ut.  unit« to e. ••  unite cut be »hewn 10 be 

1 e.e.u.   - 
10 11» 

■.k. •.  unite (5.11) 

Vrm Eq«.   (5.10) and (5.11), a In e.e.u.   i« gW*n by 

a   - 6.8 x 10    V^      e.e.i o_ 
(5.12) 

Hie experimentally V le about U0 »Icrorolte.    Ihle yield* a value 

for a 

a - 2.72 x 10     *. •. u. (5.13) 

It was pointed out In Section L2 that the »econd order polarlta- 

tlon tensor le the one as the linear elsctro-optlc tensor.    The value 
»8 

of o frm the table« of linear electro-optic tensor Is LU x 10"   e.s.u. 

One finds fros Eq.   (5.15) that the estimate on a frai the experiment 

described lo approximately twice the theoretical value.    This Is veil 

vlthln the experimental errors of the present set-up. 

5.8.    Influence of Radluo of the Dcaro on d. c.  Voltag? Output 

It was ohown In Section U. 3 that the voltage output of the quartz 
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(.) 

rig. 5.10. 

(b) 

CoBp»rl»oD of Quartr Detector Outrvt due to Ftocu«ed 
U»er Bern with that of Iton-focuMd Bet« 

(.)   Pbotogr»!*» of the dual betn o«cllio«cope In vhlch the lower 
tracTshow« the quartz datector out^t and the upper trace 
the intenalty of the laaar be-; the cat« of the focuaed 
laaer be«. 

(b)   Aa la (a);    the cat« of unfocuaad laaar be«. 
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detector due to «Lc  polorlftloo 1. independent of the redlu. of the 

ben provided the Inttn.lty of the be« remelnt conetant and prorlded 

al«, the bee« U ceBpletcly contelncd vlthln the cryetaL    Ihua any 

focusing or defocuoln« of the be« ehould not have any Infla-nce on the 

quart« detector output.    Ml wa. verified with the ect-up ohown In 

Fig.   (5.9).    A lens la placed between the lacer and the quartt detector. 

In ord»r tn contain the bea. ctwpletely within the cryatal, the focU 

length of the lene «hould be lom».    Th* len. that wae u.ed In the expe- 

riment bed a focal length of 19 «a.    The re. ults arc ahown In Fig. 

(5.10).    Pig.   ('^.lOa) rvprtacnto the caoe without IMM and Fig.   (5.1») 

the altuatlon when the lene la Inoerted In t»* path.    The bean la fo- 

cuced to a point at the center of the axle of the cryatal.    It can be 

•een that focualng of the b-a« has no effect on the output of the 

quartt detector, thua conllmlnc the theory of Section «i.>. 

' 5^    R.l«tlon Iktweeo d. c.   PolarItatlon and Lwaer 

POWT IntcnoUy 

In Chapter U a aethod waa augijeated to dctenalne the Intenalty of 

laaer beat by acaaurlng the d. c.   polarliatlon.    With t\w experlÄcntal 

■at-up ehown In Mg.   (5.5), thl» woa proved by obaervlng Uu-  peak d.c. 

output of the quarts detector for varloua peak Intenaltlcu of the laaer 

pulae.    The peak valuea were canpared ao aa to obtain greater accuracle« 

aa the Intenalty uf the laser bens waa not high enough.    In Fig.   (5-11) 

three repreaentatlve plcturc-b mo given that ahow the linear relUloo- 

ahlp between the quartt deUctor output and the laaer outfit.    The 

upper trace«, au before, ropreaent the photoraultlpllcr outjwt and the 

lower trocea the quartt detnetor output.    Aa the photomultlpller 
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na.SU-    Dependence of d. c.   Polarization on User Dean 
EiteMlty: Photograph,    of the dual be« Oacllloscope 

in which the lower trace «how« the quartz 
detector output and the upper trace 

the intensity of the laser be» 
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■ewure. the Intcnclty of the light,  It. output 1. directly proportion^ 

to the lnten.lty of the taMT bcanu    Pig.   (%!•) «howo the rvculf In 

the graphical fom.     It can be oboenred that the graph le linear, thue 

ettabUahlng the feasibility of using the Idea a« a power meter. 
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Chapter 6 

;IMUKY OF REOIUTS AND COMCLUUIONS 

The d,e.  polaritetlon that It developed In • nonlinear dielectric 

nedlia when a high Intenalty Uaer bean propa«ates through U inreati- 

gated.    Cryitalllne quartz, belonging to claea 52 that lacki Imreralon 

sywmtxy U choaen a» the nonlinear dielectric aedlvak     ^f a alaple 

■atheaatlcal approach, th« relatlonahlp between Uaer Intenilty and 

the d.c pcUrlretlon la eatabllahed for two caaei of propegatloo.    It 

It found that for the caee of propegatlon along r-axlt, the d. c.  pola- 

rliatloo It directly proportional to the lotcntlty of the lawr be«. 

The d.c.  polarltatlon It «ero If the later beta It circularly pola- 

rized. 

A convenient nethod to detect the d. c.  polarization it tuggetted. 

The interaction between the propagating wave and the detecting circuitry 

bat been analyzed and an equivalent circuit model hat been developed. 

It it proved that the phenoaenon of d.c.  polarlaation cannot tranafer 

any power rrc« optical frequency to d.c.    However, it can deliver pewer 

to the detecting circuit if the later be« it aodulated.    Thua, the 

tplXet in the later pulte ebould be observable by the detecting dr- 

ciltry. 

A theoretical analytlt it preacnted on the feaaibillty of uaing 

thit phenonenon for power neaturenent of high power laten.    A practical 

method of conttructlng the device la given. 
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Due to luck of . hlCh rower l.oer, only the foUoirtng theoretic^ 

reBults 1« vorlflcd oxivrlmontal^.    T».c iooer uncd la . ruby law 

who« output pul«e IM - duration of U00 «Icrooecond. and contalne an 

energy of 5 Jouleo.    9N preeencc of a d. c.   polarization 1. e.tabllahed. 

By _, of thic d.c.   polarlration, one of the two *MM of 

the second order polarltatlon coefficient le e.tloated to be approxi- 

«ately 2,1 x lO-0 e.a.u.  which 1» In a^eoent within a foctor of two 

with the theoretical value of l.U x lO"8 e.a.u.    »I error la «alnly 

attributed to the difficulty In aeacuring the low levrl d.c.  output 

pulae which has a peaK anplltude of approxlaately UO mlcrovolta. 

The linear relationship between the laser Intensity and the d.c. 

Yolta^e output of the quartt dcUctor Is verified.    This d.c.  output Is 

found to be independent of the area of cross-aectlon of the bem pro- 

Ylded the intensity remains constant.    Also then- Is very little power 

loss to the circuitry.    However, the above attractive advantages for 

using this phenosttnon for power moasureracnt are sanewhat hindered by 

the following disadvantages.    The bean needs to be centered and also 

needs to be of circular crosa-ocction for the cylindrical crystal 

chosen. 

>YGB the above results the following conclusions arc Bade.  There 

exists the phenomenon of nonlinear d-c. polarliatioo In quartt crystal. 

By meaBurement of this d.c. polar!ration uoing aultable detecting tech- 

nique, an eotimnte of the second order nonlinear polarization coefficient 

could be made.  The experimental results are In agreement with the 

theoretical prediction made by Armstrong, et. al., that the second order 

polarization coefficient tensor Is the aome as the electro-optic tensor. 

The practicability of uolng thin principle for power measurement needs 
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further study for general ueablUty with «11 tjnpes of pulsed laaera. 

The Aiture course of work Is recoBmended to be pursued In the fol- 

lowing direction. Using a higher power laaer, correspondence between 

the spikes of laser and spikes of the d. c. polarltatlon Is to be es- 

tablished, studies on other crystals can be made with a view of select- 

ing good crystal» for second harmonic generation. 
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Appendix 

A.1.    Outline of the Procedure 

Wg.  (iLl) show» the croei-tectlon of a quarti rod vlth two con- 

ducting plnUe AB and CD ayametrically plnced on It.    The radlu« of the 

rod 1* Mfxaed to be unity end It la aatiaed to be of Infinite length. 

The problcB la to calculate the capacitance of this conflguratloo.    Since 

the rod and the conducting plntea are of infinite length, the proble« 

can be treated aa a tw-dl»en«loo*l case.    Howerer, the coBpllcatlcns 

arlae because of the nixed boundary conditicos.    n»e problem can be re- 

duced to that of a parallel plate capacitance by naking the appropriate 

coofomal t ran« format ion« aa «uggerted by Bodgklnsoo [12].    Tfce proce- 

dure la to tranaform the Interior of the circle encloaed by the arcs AB 

and CD In the t-plane Into the upper half of UM v-plane by making uae 

of a aultable linear transfoxmatioou    The points A, B and C in the t- 

plane are tranaformed into points e^ e^ and e, along the real axis of 

the v-plane such that e.  ♦ e    + e, ■ 0.    The point D in the t-plane is 

transformed into the point oo In the v-plane.    This is shown In rig. 

(A. 2).    Then a tvo-sheeted surface is formed by adjoining a lower sheet 

In which the lower half of the sheet is filled with the dielectric, 

connection between the sheets being through the branch lines AB and CD. 

Thie Is represented In Wg.   (A, 3).    This surface Is then transformed In- 

to (-plane by using the elliptic function 

v-(M0 (A.1) 
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Flg. A.1. ConTlguratloo in the z-pl*ne 

Flg. A.2. Configuration in the w-plnne Obtained by Linear 
Tranoforraatlon of flg. (A.1) 
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Pig. A. 5. Two Sheeted Surface In the w-pl*ne ObUlned hy 
Adding to Pig. (A. 2), Iti CoBpllaeatAry Part 

Pig. K.k.    Configuration In the (-plane Obtained by Using the 
Elliptic Function w =>^U) 



where 
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/'(O - l»«l/(0 - er) (r - 1, 2, 5) (A. 2) 

fte (-plane is divided Into reetan&Iea as ■hown In Klg.   (A.I») r***» the 

real end purely lawglnary periods of the eUlptle function^  ^ and ^ 

respectively.    The lines vlth Imaginary part of {  - constant are equl- 

potentlal lines.    Thus the proble« reduces to that of a parallel plate 

capacitance.    All conditions are satisfied If one places a charge 2coP 

along BA* and all lines congruent to it in the configuration of period 

parellelagraBS, J».     -vlong AB and congruent lines, - 2c P along CD   and 

congruent lines and - 2c0 along DC and congruent Hoes.    Bere L is the 

relative dielectric constant of the naterial,  co the free space per- 

alttivlty and c - c e .    It ha«, been shown 111] that this Is equivalent 
or 

to placing these charges per unit length In the original problra.    One 

can now easily calculate the capacitance of the «ystea per unit length. 

A. 2.    Transformation fron t-plane to w-plnne 

The linear transforaatlon is given by 

(w - v1)(v2 - v3)      (t - t1)(t2 - ^) 

(" - "jKWg - ^J " (z •  »5)U2 1' 
(A.}) 

rrcn Pig.   (A.1) one has 

A - i.  ■ e la 

■ - e •la 

C - z, ■ - e la 

D ■ t." e •la 

(A.U) 



Let i^ tjj •* ^ be tnwafomed to point, e^ e2 and oo In th. V-plw». 

Then the corresponding point. In Eq.  (A.3) are glren by 

h.e • • • Vl-*1 

-U3 • • • W
2-

e2 

-Ja • • • V.     • 00 

(A. 5) 

8ub.tltutln8 Sq.   (A.5) in Bq.   (A.)) on« obtain. 

w - — '        ~~ ' 
[l • a120]   -   [>    *   a"10] 

lov wb.tltuting the ralua of i   frc» Bq.  (A.U) In Eq.  (A.6), one baa 

for v, • e, the following equation. 

M-t*t«.M*»S (JL7) 
■j 2*2 co. aa 

The required condition betwen e1# e2 and e^ 1. 

U.lnc Eq..  (A.7) and (A.8), e2 and Cj can be expre.Md In term» of e^ 

Ttau. 

2     5 ♦ co. 2l   1 

«    ■ c0' g - ? e, (A.10) 
5       CO.  33  4 }    I 
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If OM diooMt ^ - - 1, then fron Eqt.  (A.6) and (A.9), the required 

tniMfonatioB It 

^ " . [   .^ ♦ 7."° . e120   ♦ 7] • [     .l* '* .•l5a ♦ T10.?.-10] 

the TllllM  for «j,  «j,  «j  Md ^  •« 

•I""1 

«-,-• 
2 coe 93 

} - coe 83 
e) " 5 ♦ COB 33 

(A. 12) 

e.   • 00 

A. J.    Trapeformatlon fron w-plaoc to t-plme 

The elilptlc function that ir ueed for the transfomatioo can be 

vrltten In the Schwnrz-Chrl»toffel font me 

1 ■A ((v. 5* (v .X)1/2 (v: -/>* 
(A. 15) 

Let 

w - e.  - x (A.H») 

Then 

dw « 5>x dbt (A.15) 



80 

Substituting Kqa.   (A.liO and (A.15) in Eq.   (A.13), one ha« after re- 

arrangement 

n   r a»  
1 " Z e  7* (e    - e  )1/'2    {    F        !   ~^172 T        2 1 17? 

(A. Iß) 

Mow, let 

(.2 - •,) 

1 -».      ;      dx - (e0 - e.^^dX 
IT? 

vl/2 
?      -1' (A. 17) 

Using Eq.   (A. 17), Eq.   (A. 16) can be rewritten as 

{mtl n. 7& (i - W* (A.ie) 

where 

and 

2A 

(e3 - .,) 175 (A. 19) 

2     "^ " el 
c5 - e 

(A. 20) 

rrom Eqs.   (A. 9),  (A. 10) and (A.19) 



2 a CO^JSL ^|sl (A.21) 
2 - 

Eq.  (A.lfl) can b« i*cognl«*d tf tta elliptic integral of the flrat 

kind.    It ha- tvo period., de.ignated *, *T u* ^ ^«« the real and 

iMglnary axe. re.pectirely.    The tran.fon»ed configuration i. .ho« in 

Flg.  (A.1»).    Here AB - w'  - wr and BC - u^    The relue. of «r and «j 

e« be read fr« the table of elliptic integral. Knowing e^ ^ and ey 

A. I».    Calculation of the Capacitance 

A. »ntioned in Section {A.1). AM'B' «id DCDV are äquipotential 

llae..    Hence they can be con-ldered a. conducting .urface..    They fo» 

• parallel plate capacitance.    The tvo-di«enelanal c«dltion i. .atl.- 

fied by aawdng the plate, to be extending to infinity in the direction 

perpendicular to the plane of the paper.    Let 2€0P be the charge dewlty 

„ HA' and 2£0 on AB and .imllarly - 2c0P on CD* and - 2cP on DC    tee 

ha. to rai^ber that only half of the«, charge, are to be taken into 

account in calculating the capacitance .Ince the other half i. due to 

the adjacent capacitor.    Thu. the charge on ABA    i. 

Q+ - urc0(l ♦ €r)P (A.22) 

The charge on BCD   i« 

Q   --wed* €-)P (A.25) • r o f 

The capacitance per unit length (the length being taken perpendicular 

to the plane of the paper) ia 



mum 

o r r . (A.2t) 
ui. 
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In deecrlblng Eq. (A.!*) the radlua haa been taken aa equal to 

unity. Thla nomallzatlon hovevcr, doeo not affect the final reault 

•Ince the magnitude of the rodluo multlplleß wr and ^ by the same 

quantity and hence gete cancelled In the calculation of the capacitance 

using Eq. (A.2U). 

The capacitance for the specific caae where a - 1*5° (the value 

uaed in the experlnental .et up of thlß vork) will now be calculated. 

Eq.   (A.U) girt the coonUnate» of A,  B, C and D in the z-plane aa 

A - 
_ei«A 

B - i2 > - e 

C - », 

\ " 

i«A - e 

-1«A 

(A. 25) 

AsBialng e    - - 1 that correspondB to the point A In the w-plane, the 

coordinates of A,  B,  C and D in the w-plane can be written by making 

use of Eqs.   (A. 12). 

'i--1 

e.   ■ oo 

(A. 26) 

One need not calculate the coordinates of the point A, B, C and D in 

the (-plane, since only the two periods are of interest here. They are 
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dA 
J    (1 __ A^l/~,      ^.-.1/. Wr " h .      (! . Jf d . k^) 

(A. 27) 

Wl -L J d\ 

(l-^^U-K'V)1^ 
(A. 28) 

vhere 

k'  - (1 - K2)1/2 (A. 29) 

For a • U50, one obBcrve« frcn tq».   (A. 21) and (A. 29) that 

(k-)2-(K)2-| (A. 50) 

Thus 

w   ■ w. 
r       1 

(A. 51) 

and fron tq. (A.2U) the capacitance per unit length is given by 

Ci " *o(*r ♦ ^ 
(A. 52) 

If the length of the plates io designated by 1, then the capacitance 

of the quarti detector, neglecting the fringe effecto io given by 

CQ - €o i(cr ♦ 1) (A. 53) 
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ANALtSI» OF -ORST CASI MNAV.IR M POtCIO CO-fROi WttM 
j K »i,b«*«*i/.\. fc**««*. N.»«^II».»-^N*» '' ■ *"-ir- 

K U^-^l-   » ■«'••• ^ *riR|RRR|-»WR Wr*MM»*■!*«"*"' «••»• 

SUBOPTWAL CONTROL ANO ItAiltltf OP NO« LWlAR PflOtACR If* 

TEMS fc   m  ^    .._   - 
J  E Oik«aa tM t.\. ■**•••••. Pn»«^ l^»^«f*«*. •• ^_WI111?-*• 

Biplfhw. IRRS 
PHILOWPNf ANO $TATI OP  TNl ARI OP tURNN* CONlROi SUM«! 

J  E. li.b«« «Nik  \ »•   f»^*^ U.^^^-r.   ••«» '  »»   ,,•,,   J- *• 
UI.I. R.M. t«w». «^^ »* •••,* i-Mi«rtW%i \iiHiRf-i»i. nr 

,{Kf Urp,* %m   MiMI v!iu V^^te«   IRR1 

THE   SCATTIRINC  OP   ILlCTRONACNlTlC   «A»!» •»  PIRMCfLT Rl 
PLiCTINCORJlCTSOPCOMPtlUNAPI ^   .     . .. 

KV IP»«D|)-|oil. PRP «ifi:. J«MIM> IRRft. 

ON A CLAM OP  TRANSMTTID  RIPIRIHCI mfl«rt POR CO—UmCA 
TWN IN RANOOM OR UNKNOTO CNANNlLi ^ 

J. C,  H«-«k.  PniMiiwI t»%~fgm**. U^i»*^l 0. ll««Ri«ial.   Vamnri 
s-l <.   lotRT. (PMP aRTlK !>«■■>■» «»•*- 

PIHITI  TINI AVIRACI ISTMATII OP NON»TAflO«At» AUTOCORRILA. 
TION FUNCTIONS. 

r.M. l**v*t.rnT>pai |a«fxigMuf.R.L. »bi.WH Vtmtfmt >•»> «-l*t»., 
(PKK  •»TU. Umumy If««. 

ESTIMATION  OP RAOAR TARCtT PARAMlTIRI PICK RIPL1CTI0 RAN. 

DOW SIGNALS 
(i. H. Cmirr.   Prmnpal hlllllpf. Mirk«rt P. ClnMN. i'amrmct \S*F G- 
lh»»7. (PRK .»»7«). V^hnmiy IM«. 

NONLINEAR FRCQUEHCT CONVERTERS. 
B. J. Um, Primip«! iRomlptnr. <.H»ir«.i W ur -mi, PKK s«-.'«-»©- 
TRO, Kobru«n I»««. 
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